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182. 


ON LAGRANGE’S SOLUTION OF THE PROBLEM OF TWO 
FIXED CENTRES. 


[From the Quarterly Mathematical Journal, vol. 11. (1858), pp. 76—83.] 


THE following variation of Lagrange’s Solution of the Problem of Two Fixed 
Centres(?), is, I think, interesting, as showing more distinctly the connection between the 
differential equations and the integrals. The problem referred to is as follows: viz. 
to determine the motion of a particle acted upon by forces tending to two fixed 
centres, such that r, gq being the distances of the particle from the two centres 


respectively, and a, 8, y being constants, the forces are <+ 2yr ‘and + Qyq. 
Take the first centre as origin and the line joining the two centres as axis of æ; 
and let h be the distance between the two centres, then writing for symmetry 
L=2,=%,+h, 


(so that æ, is the coordinate corresponding to the first centre as origin, and a, the 
coordinate corresponding to the second centre as origin) the distances are given by 
the equations 

Pr=2e+y +2, =r ty +e, 


and the equations of motion are 


da am Pa : 
dT a ge AT Fe), 
dy _ _ ay _ By 

de — 7 — ge 
Gz a 2 tihng 


1 Lagrange’s Solution was first published in the Anciens Mémoires de Turin, t. 1v., [1766—69], and is 
reproduced in the Mécanique Analytique, 


www.rcin.org.pl 


182] ON LAGRANGE’S SOLUTION &C. 105 


and we obtain at once the integral of Vis-viva, viz. multiplying the three equations 


da dy dz dx da, _ da, 
Y r? adding and integrating (observing that -T T. S) we have 
dx\?  /d dz a 
+{(@) (A + (2) miti- re ta) +2, hi 


and with equal facility, the equation of areas round the line joining the two centres, 
viz. multiplying the second and third equations by —z, y, adding and integrating, we 
have 


Y=. — 27 =B. (2, a) 


So far Lagrange: to obtain a third integral I form the equation 


[—2 +2) Fp (man (y Be) | x (e+ a ER + Oye, tay} 


dt? g 
dæ d d? 
H erasi- meg xe enw | 
2 
+| (mta) 2 2s Se | x (oe +% +e + 4yz =o, 


The terms independent of the forces are 


dæ dèx dy dz\ dæ 

—2 +2) a de + (4, + 22) o7 +a) dt 
d dèy dez dy dèy dz d?z 

+ (a + #2) ae A de +2 T- Rails (z dë * dt Ze) 


which are equal to 


dor ton (i) eroti) EN 


and the terms depending on the forces are readily reduced to the form 


di S h 
Au WAX, + en + hy (+2)! t 


in fact, considering first the terms multiplied by a, these are 
ad —2 (+2) E+ atay Z+) 
l dx d dz 
E r? fe + 2a) (y? + 2") ao 22,25 (y A +z a} ; 


œ m. l 14 
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which is equal to 


alee) ytte) Fe, (#, — #2) O% grs a) 
= f- hoy? +2) 2 + he, EAFA) 
=a (+y +) a q tafe o% tyt) 
nA {1 88 4 re, On} 
=-a¥ =, 


and similarly the term multiplied by £ is 


d a, 
ha ai 


lastly, the term multiplied by y is 


—4(e, +a) (y" TOEN ATA 


O mm (Bei 
= 2(m— t) wap 
ee 
i d i (+2). 


The preceding combination of the differential equations gives therefore an equation 
integrable per se, and effecting the integration we have 


-A(G tate Ft (yf +2) — om A l) 


_ haw, + 


r 


— + ky ly + 2) = K, (3, a) 


which is the third integral equation. It may be convenient to mention here (what 
appears by the comparison of the formule obtained in the sequel with the corre- 
sponding formule of Lagrange) that the value of Lagrange’s constant of integration C is 
C= K — 2Hh?— B? + 4yh. 
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Making use of the ordinary transformation 


COOH (aera) + ae 


the integral equations may be written under the forms 


Teg 1 ( dy | TA] =o 48 y+ g) + 2H — 


aye) dtt dt 


-oA (T) +(a +a) (y Aa y AE 


_ ham, hBax 


— + — + hy (y+ 2)=K+ 


vi q 


400 


B? 


TFA’ 


i) 


Bx t 


yH? 


(1, b) 


(2, b) 


(3, b) 


107 


and observing that y? +2”, ®, #, are in fact functions of r, q, it is clear that the 
determination of r, q in terms of ¢ depends upon the first and third equations alone. 
Moreover the form of the equations shows that we can at once eliminate dt and thus 
obtain a differential equation between r, q alone. It would be difficult to discover 
à priori, before actually obtaining the differential equation in question, that it would 
be possible to effect the separation of the variables, but we know that this can be 


done by taking instead of r, g the new variables u=r +q, s=r—g. 


In order to 


complete the solution the first step is to introduce the variables r, q into the first 


and third equations: for this purpose. we have 


ft +72 —@ h-r 2 
= T A — D = ya ? Lı + La 
v 
Y+? = Ti’ 


if for shortness 
V = re + 2r + 2e — ht roi, 
and consequently 
dx _1/ dr_ dq 
ie -a 
dy , dz 
Y dtt dt 


‘Substituting these values in the two equations, we find for the first equation 


= 35" regret (e+ —@) 95 il. 


V (rdr — qdq} + (k -r + @) rdr + (P+ — q) qdq}? 


= oh (z TOT 


r 
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ql, 
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and for the second equation 

— V? (rdr — qdqy 

+ 2V (rdr — qdq) (° — @) (k — r° + @) rdr + (k? +7? — g) qdq} 

+ {ht — (r — gY} (W — 7° + g) rdr + (h+ 1° — °) qd}? 
= K (i? +72 — 9?) + ae (h? — 12 + q) — V+ 4K V — 4B ht — (r — e7 | de. (2,0) 
The first equation is easily reduced to 
Ah? (rq? (drè + dq?) + (k? — 1° — q) rq dr dg} = 2? = avs, a EE V +2HV — 7 — 2102 dt’ 
the second equation gives 
hi (k -rr +e) rdr + (h? +r — e) qdq}? — ht (k — r — 30°) rdr — (h? — 3r? + q*) qdq}? 


=u |27 CET TET EY (h? — r +g) — yV? + 4KV — 4B {ht — (r° — os] dt’, 


and the function on the left-hand side is 
Shi (h? — 1? — g®) gr? (dr? + dq") + 4h! {(? — r? — @ + 4q°r*} rq dr dq. 
Hence putting for a moment 


ME zn YV (7? + @) + 2HV — 2h?B?, 


= oi (1? + 72 — q?) +f (h? — 72 + £) — yV? +4 2KV — 2B? fhi — (r? — g}, 


we have 
21724? (dr? + dq?) + (h — 1° — q*) 2rq dr dq = Mde, 


2 (X — r° — q’) 2r°g° (dr? + dq’) + {0 — 1° — gY + 4q°r°) 2rq dr dq = Nde, 


and thence recollecting that 
— (k -r -gyf +4ger=V, 
we find 
V . 2rq dr dq = {(h? — r° — q’) 2M — N} dé’, 


V . 27°g? (dre + dq’) = [— {(h? — r? — eF + 4r} M + (t — 7? — q) N] dë, 


and substituting for M, N their values, the functions on the right-hand side contain 
V as a factor, and dividing by V, we obtain 


2rq dr dq = E (37? + g? —h?)+ A (7? + 3q? — h) 
— dy (874 + 3g + 10q?r? — 2h*r* — 2h?q? — ht) 
+ 4H (q+ 7° — h) + 2K — 2B | dt, (1, d) 
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2r°q? (dr? +de) = [2ar(r? + 3y? — h*) + 2Bq (37? + œ — h?) 
— by [78+ 9° + 15¢q?r? (7? + 9?) — 1? (rt + gt + 6r9q?) — hé (7? + 9°) +h} 
+ 2H {rt + gt + 6r — 2h? (r? + q?) + h4} 
+2K (1 + g?—h?) — 2 (r° + g?) B] de’, (2, d) 


and by comparing the first of these formulæ with the corresponding formulæ of 
Lagrange, we find, as already observed, that the relation between the constant K and 
Lagrange’s constant C is K= 0+2Hhħ+ B?-—}yht. And substituting this value of K, 
the two equations become identical with those of Lagrange(’). 


The equation y = -z z = B, (putting y= V(y?+2) cos, z=/(y?+2)sin ġ) gives 


at once (y?+2)dd= Bdt, and substituting for y? + 2 its value = oe we find 


4h°B 


do = ggr — (h =r — gY dt, (3, d) 


which is the third of Lagrange’s equations. 


To complete the solution, the combination of the first and second equations gives 
rg (dr tdg} = [a {(r +g} -h (rtg) R {rEg -kr g} 
— dy EEA r EEE EE EAF e) 
+H {(r +q} -2k (r +qF +h) 
+ 2K {(r + q} — k) — 2B (r + q}] dë, 


and thence putting r+q=s, r—q=u and writing for shortness 


S = (a + B)(s*—s*h) 
— ły ($ — hst — hts? + h°) 
+ H (s* — 2ks + h*) 
+ 2K (£ — h’) — 2B?s?, 


and 
U= (a— B) (w — uh) 

— dy (us — heut — hts? + h’) 

+ H (ut — 2h?u? — ht) 

42K (u? — h?) — 2B, 

1 The formule referred to are the formule (b), (c), Méc. Anal. t. m. page 112 of the second edition 

and page 97 of the third edition, but there is an inaccuracy in the formule (c), B? ought to be changed 
into B?h?; the error is continued in the subsequent formule and moreover the constant term — Ch? is omitted 


on the right-hand side of the formule (e) and in the subsequent formule, i.e. in the functions of s, u, 
the term -— B? should be — B*h?- Ch?, 
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we have 


a, (st — wY ds? = SdË, 
ay (8 — w} du = Ude, 


4h?B 
t=- (=) (eB) 


and thence finally 


ds du 
WS) = V0)’ 
_ | {de _ wa 
dt A RO 
Bhids Budu 


TOCA 


[182 


(1, e) 
(2, e) 


(3, e) 


a, f) 
(2, f) 


(3, f) 


so that the problem is reduced to quadratures, the functions: to be integrated involving: 


the square roots of two rational and integral functions of the sixth degree. 


2, Stone Buildings, 10th Nov., 1856. 
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